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Abstract. For a simple complex Lie algebra of finite rank and classical type, we fix a trian- 
gular decomposition and consider the simple Levi subalgebras associated to closed subsets of 
roots. We study the restriction of global and local Weyl modules of current algebras to this 
Levi subalgebra. We identify necessary and sufñcient conditions on a pair of a Levi subalgebra 
and a dominant integral weight, such that the restricted module is a global (resp. a local) 
Weyl module. 



Introduction 

Let g be a finite-dimensional, simple complex Lie algebra of classical type and we fix a trian- 
gular decomposition, denoting the fixed Cartan subalgebra and R the set of roots. We fix 
a subset Ra C i?, closed under addition and scalar multiplication and consider the associated 
subalgebra a, that is the subalgebra generated by the root spaces 0o, a € fía. Then o is the 
Levi subalgebra of a reductive Lie subalgebra r C having the same Cartan subalgebra as 
g. We denote vr the induced map f)* í)*, we obtain also an induced map for the dominant 
integral weights. 

Let V{X) denote the simple finite-dimensional g-module of highest weight A, then we obtain by 
restricting the module structure a module for a. The a-module generated through the highest 
weight vector is isomorphic to the o-module V{tt{X)). 

By proceeding in the same way in modular representation theory, starting with the Weyl mod- 
ule of highest weight A of g one obtains also the Weyl module of highest weight vr(A) for o. 
In this paper we will study the behaviour of local and global Weyl modules for the current 
algebra under this construction. 

Let g(g)C[í] the current algebra associated to g, this is a Lie algebra equipped with a Lie bracket 
induced by [x p,y q] ■= [x,y] pq- Simple finite-dimensional modules are parametrized 
by finitely supported functions ■0 on C with valúes in the dominant weights. It was proven 
in ¡ER93¡ . that any simple finite-dimensional is isomorphic to the tensor product of 

evaluations modules (at maximal ideáis of C[í]) . 

Similar to the classical case, the a(8> C[í] module generated through the highest weight vector 
of V^ip) is simple and isomorphic to V^TT^tp)) (LemmaEJ. 

The category of finite-dimensional modules is not semi-simple, so in ¡CPOlj local Weyl modules 
were defined in analogy to modular representation theory. To any simple module V^ip) they 
associated a finite-dimensional module W^{^lJ), that satisfies a certain "maximality" property. 
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The study of these local Weyl modules initiated a serie of papers, computing their dimensions 
and 0-characters ( ¡CPOlj . ¡CL06¡ . ¡FL07¡ . ¡Naol2¡ ). Local Weyl modules are in particular 
interesting, since their characters are proven to be characters of certain simple modules of the 
quantum afñne algebra. 

In ¡CPOlj . to each dominant integral weight A, a so-called global Weyl module W^{X) was de- 
fined, a projective object in the category of integrable g (8) C[í]-modules with weights bounded 
by A. These modules are infinite-dimensional and even the multiplicity of the simple g-modules 
in a decomposition is infinite. It was shown that they are also right modules for a certain sym- 
metric algebra A^, a polynomial ring in finitely many (determind by A) variables. Any local 
Weyl module can be obtained by factorizing a global Weyl module at a maximal ideal of A^. 
We shall remark, that these maximal ideáis are also parametrized by finitely supported func- 
tions on C. In the aforementioned serie of papers it was shown that the dimensión of the local 
Weyl module is indepedent of the maximal ideal, this implies that the global Weyl module is 
a free right A^-module of finite rank (for more details see the appendix of ¡FMSaj ). 
There are various generalizations of Weyl modules. For instance one can replace C[í] by 
any commutative associative unital algebra over the complex numbers ( ¡FL04¡ . ¡CFKlOj ). or 
consider hyper loop algebras ( ¡JdM07] ). consider twisted current algebras or more general 
equivariant map algebras (¡CFSÜ8], ¡FKKS12¡ . ¡FMSbj . ¡FMSaj . ¡FKj). 

The importance of the global Weyl module might be seen in various applications, for example 
the character gives a q-Whittaker function (a solution to the q-Toda integrable system ¡BFj ) 
or its applications to symmtric functions ( ¡CL12¡ ) or the BGG-property ( ¡BCM12] ). 

We will consider in this paper the restriction of local and global Weyl modules to the simple 
Levi subalgebra a associated to a closed subset of roots of g. For a pair (a, A) we introduce 
the properties local admissible and global admissible (Definition ll.4p . and we will see that any 
global admissible pair is local admissible (Proposition II. 4^ . We will prove the main theorem 
of the paper 

Theorem 1. Let g be a simple, finite-dimensional complex Lie algebra of classical type, a a 
simple Levi subalgebra and let A be a dominant integrable weight for g. 

(1) Let ip he a finitely supported function of weight A, then W'^{Tr{ip)) ^ W^{'ip) if and 
only if (a. A) is local admissible. 

(2) W{ir{X)) ^ W^{X) if and only if (a. A) is global admissible. 

We will prove part (i) of the theorem by reduction to the case where A is a fundamental weight 
of g and then calcúlate explicitly the a-decomposition of the restricted module, showing that 
it coincides with the decomposition of the local Weyl module. Part (ii) is proven by showing 
that A° j-^^ is a natural subalgebra in A^ and then showing that the restricted module is a free 
-^7r(A) °^ same rank as the global Weyl module W°{Tr{X)). 

It would be interesting to study the restriction to Levi subalgebras also in the case of gen- 
eralized current algebras, that is replacing C[í] by some algebra A. Not all proofs presented 
in this paper can be generalized, since in general the dimensión of the local Weyl modules is 
not known and the global Weyl module is not free. The statement for fundamental local Weyl 
modules (Lemma |4¡) is remains true in this more general setting (if A is finitely generated) . 
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This implies the stament for local Weyl modules (Theorem [8]) is true for regular points in A\ 
(for details, we refer to ¡CFKIO] ). 

Since local and global Weyl modules are characterized by homological properties ( ¡CFKlO] ) 
it would be interesting to obtain the results of this paper by using these properties instead 
of using dimensión arguments. This might lead a way to obtain the results for generalized 
current algebras. 

In modular representation theory, the results on Weyl modules can be obtained by using argu- 
ments from algébrale geometry. It might be useful to adapt some of the methods to generalized 
current algebras. 

Another interesting question is whether a g (8) C[í]-module is a local/global Weyl module for 
g (8> C[í] if it is a local/global Weyl module for a ¡S) C[t] for every non-trivial simple Levi 
subalgebra a, this will be discussed elsewhere. 

The paper is organized as follows: In Section[T]we fix basic notations, give a complete list of 
the simple subalgebras of g that will be considered here and introduce the properties local and 
global admissible. In Section [2] we recall some results on finite-dimensional simple module of 
g (8) C[í] and analyze their behaviour under restriction. In Section [3] we recall some results on 
local and global Weyl modules. Part (i) of the main theorem is proven in Section IH while part 
(ii) is proven in Section [5l 

1. Preliminaries 

1.1. Let g be a simple, finite-dimensional complex Lie algebra of classical type, we fix a 
triangular decomposition of g 

We denote the set of (positive) roots of g by i? (resp. The simple roots of g are denoted 

ai, i £ {1, ... , n} =: /, the set of simple roots 11. 

The (dominant) integral weights are denoted P (resp. P^). The fundamental weights of g are 
denoted ují, i & I. We have 

g = [)©0ga. 

For a subset Ra C i?, closed under addition and scalar multiplication, we denote a the Lie 
algebra generated by the root spaces corresponding to 

Then o is the Levi subalgebra of the reductive subalgebra a -|- f) and o is semi-simple by 
construction. We have an induced triangular decomposition 

n+ © í}a © n" 

where C and \]a C fj. The simple roots j S {1, . . . , s} =: J, and the set of simple 
roots lio (for more details see Section ri.2p . Recall, that the Levi subalgebras we are considering 
are more general than Levi subalgebras associated to parabolic subalgebras. 
The (dominant) integral weights are denoted Pa^P^-, while the fundamental weights of a 
denoted tj, j € J. 
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Since fia ^ í) and C we have an induced maps vr : fj* ^ f)*, vr : P — > Pa and 
TT : P+ ^ P+. 

1.2. In the remaining of the paper we will assume that o is a simple Levi algebra and 
henee we shall give a complete list of all simple Levi subalgebras obtained from closed subsets 
of R. First we will give a list of the positive roots of q (see jCar05j ): 

• If is of type An, then 

R'^ = {eí - Ej \ 1 < i < j < n + 1}. 

• If is of type Bn, then the long roots are 

(R+y = {e, ± e^- I 1 < i < i < n} 
and the short positive roots are 

(R+y = {ei\l <i <n}. 

• If g is of type Cn, then the long roots are 

(R+y = {2ei \ l<i<n] 
and the short positive roots are 

[R+y = {e¿ ±£j\il<i < j < n}. 

• If is of type Dn , then the roots are 

R-^ = {£i±£j \1 <i < j < n}. 

The following propositions give a description of all possible sets of simple roots 11^ of simple 
Levi subalgebras. The proofs are omitted, since the results are obtained by a simple case by 
case consideration. 

Proposition. Let q be of type An, a Q q a simple Lie subalgebra of rank s, then 

lia ~ {^n ~ ^¿2 ' ^Í2 ~ ^i'i 1 ■ ■ ■ 1 ^is } 

for some 1 < ii < Í2 < ■ ■ ■ < is < is+i < n + 1. Especially o is of type Ag. 

Proposition. Let q be of type Bn and a Q Q a simple Lie subalgebra of rank s, then there are 
several cases: 

(1) Lf Ei G Ha for some i & I, then a is of type Bg and e¿ is the unique simple short root. 
Then 

lia ~ {^¿s-i 5 • • • 5 ^¿1 ^i) ^i} 

(2) If {e¿ + £j,ei — £j} C Ha for some i < j, then o is of type Dg and e¿ + £j,£i — £j 
correspond to the spin nodes. Then 

lia — — 3 5 ■ ■ ■ ) ^«1 ^ii^i ~\~ Ej ) Ej } 

(3) In all other cases a is of type Ag: 

(a) If Ei + £j G lia for some i < j, then 

lia = {^ie ~ ^it^ii ■ ■ ■ -¡^h ~ ~ ■ ■ ■ i^js-i^i ~ (I-I) 

for some 1 < < . . . < ¿1 < z, 1 < jg-í-i < ■ ■ ■ < ji < j and ik 7^ jk' for all k, k' . 
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(b) In the remaining case 

where 1 < < . . . < < ig+i < n. 

Proposition. Let q be of type Cn and o C g a simple Lie subalgebra of rank s, then there are 
several cases: 

(1) If 2ej G Iln for some i (z I, then a is of type Cg and 2ej is the unique simple long root. 

(2) In all other cases, a is of type As: 

(a) If Ei + £j G lía for some i < j, then Ha is of the same form as (¡l.ip . 

(b) In the remaining case, Ha is of the same form as (II. 2|) . 

Proposition. Let q be of type and o C g a simple Lie subalgebra of rank s, then there are 
several cases 

(1) If {eí + Ej,Ei — Ej} C IIu for some i < j < n, then a is of type Dg and Eí + Ej,Ei — Ej 
correspond to the spin nodes. Then 

(2) In all other cases, a is of type Ag: 

(a) If /3i -\- /3j € Ha for some i < j, then Ha is of the same form as (¡l.ip . 

(b) In the remaining case Ha is of the same form as (ll.2p . 

1.3. We recall some notations from representation theory. Let y be a finite-dimensional 
g-module, then V decomposes into its weight spaces with respect to the [)-action 

reP 

where Vr = {v £ V \ h.v = T{h).v for all h G f}}. 

The category of finite-dimensional g-module is semi-simple, every object decomposes into the 
direct sum of simple modules. The simple finite-dimensional modules are parametrized by 
dominant integral weights 

V{\) ^X£P+. 

Even more dimy(A)A = 1, we denote a generator of this space vx. We have further 

U{g)/h = V{X) : l^vx 
where Ix is the left ideal generated by 

n+ ; /i - X{h) ; {x~)^^^'^'>+^ ■.hei),aeR^. 

Let a C g a Lie subalgebra as defined in Section fTTH then the simple finite-dimensional modules 
are parametrized by and we denote, by abuse of notation, for G the corresponding 
simple a-module V{fi). Then we have 

Proposition. Let A € , then 

U{a).vx =a V{7r{\)) 

This follows immediately since V{X)x is one-dimensional and the category of finite-dimensional 
o- modules is semi-simple. 
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1.4. Here we will introduce the properties of tupies (a, A) whose implications will be stud- 
ied in the remaining of the paper. 

Definition. Let A = ^i^jfniOJi € P"*", we cali the pair (a, A) global admissible if 

rrii ^ O ^ 3j € J : Tr{uji) = tj, a fundamental weight for a. 
The pair (a, A) is called local non- admissible if 

(1) either a is of type Bg, s > 1, ej + ej is the unique simple short root of Bg and 3 i < 
k < n — 1 such that mk 7^ O, 

(2) or is of type Cn, a is of type As, and + ej S Ha and there exists k £ I with nik 7^ O 
and vr(üjfc) is not a fundamental weight of o. 

In all other cases (o, A) is called local admissible. 

We can immediately relate this two properties: 
Proposition. // (a, A) is global admissible, then (a. A) is local admissible. 

Proof. We have to check the case where a is of type Bs, e¿ + ej is the unique simple short root. 
Then for all ¿ < A; < n — 1 : 7r(a;fc) = 2ts and henee not a fundamental weight. This gives the 
proposition. □ 

Obviously local admissible does not imply global admissible. 

1.5. We want to study modules for the current algebra associated to q, that is the Lie 
algebra g (8) C [í] , where the Lie bracket is induced by 

[x(S)p,y^q] = [x,y]g ®pq 

for x,y G Q,p,q G C[í]. These current algebra do appear for example as subalgebras of afñne 
Kac-Moody algebras ( ¡Kac90¡ ). 

We have an inclusión of Lie algebras 

The maximal spectrum of C[í] is C, henee every maximal ideal m corresponds to a unique 
c € C. We have an induced surjective map of Lie algebras 

(g) C[í] ^ (g) C[í]/m = : x^p^ x^p{c). 

Let y be a 0-module and m a maximal ideal of C[í] (c the corresponding complex number), 
then we denote 

evm V = evc V 

the induced module obtained by the evaluation at the maximal ideal m. 
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2. Simple finite-dimensional modules 

We will recall some results on simple finite-dimensional modules for g (g) C [í] . Denote £ the 
monoid of finitely supported functions on C with valúes in P'^ 

£ = {il):C — ^ P+ I I supp(?/')| < 00} 

where 

suppíV^) = {a G C I ^{a) + 0}. 
We set wt(V') = EaGsupp(,/<) and for given A € P+: 

£^ = {Í)^£ \ wt(^) = A}. 

To each if) ^ £ we associated a finite-dimensional g (8) C[í]-module 

y{^)= ® eYaV{Í:{a)). 

aGsupp 4> 

Recall that the order of the tensor product does not matter, henee every if) determines an 
isomorphism class of modules. Let Va be a generator of V{tp{a))^i^a) (a one-dimensional space, 
so the generator is unique up to scalars). We denote 

= '8'agsupp(í/')^a-' 

this is a generator of V^(V')wt(i/')- ^^^^ ^his notation throughout the paper. 

Theorem 2. í ¡ER93¡ . poITÜ] . ¡NSS12¡ . ¡CFKIOQ Let V e then V{ip) is simple g ® C[í]- 
module. Further if y is a simple finite-dimensional 0(SiC[í] -module, then there exists a unique 
ip ^ £ such that 

So £ parametrizes the finite-dimensional simple g ® C[í]-modules up to isomorphism. 

Similar we can define £ai £a for /x € . The map vr : P'^ — > P^ induces a map 

vr : £ — > £a : tjj ^ n oip. 
For all A G P"*", this map restricts to 

Lemma. Let tp ^ £'^, then 

U{a^A).v^ ^ V{7r{i;)) 

where G V{il))\. 

Proof. Let supp('i/') = {ai, • • . , ak}, then by definition of V{ip): 

(^Q^Jl{t-ai)C[t]j .V{i;) = 0. 

This implies that V{ip) is a simple module for the semi-simple Lie algebra 

/ k \ k 

g C[t]/ J](í - a,) U g (C[í]/(í - a,)) . 

\¿=1 / i=l 
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We have 

k 

nV') = (g)ev,,y(V(a¿)) 

i=l 

and if Vi is a generator of V^(V'(íi¿))i/)(a¿)i then 

/ k \ k k 

U{q ® C[í]/ J](í - ai)) \.(^v, = ^U{q® C[t\/{t - a¡)).Vi ^ (g) ev,^ F(^(a,)) 

V i=l J i=l i=l 

This implies that 

{U{a ® C[í])) .(^Vi= (U{a ® C[í]/ - a,)C[í])) . (S) v, = (^U{a® C[í]/(í - ai)).v^. 
The lemma follows since 

k 

(g) [/(a C[í]/(í - a,)).i;i = (g)ev,, V(^(^(a,))) = 

□ 

We shall remark here, that for given A G P"*", 1^(A) is a finite-dimensional a-module, so there 
is a decomposition 

^(A)=a V{t)®'''k 

reP+ 

This gives a decomposition formula of into simple a® C[í]-modules. Unfortunately, a 

decomposition formula of V^(A) as a a-module is not known in general. 

The following proposition is essential in the proof of Theorem [I{ii) . 

Proposition. Let (a, A) be global admissible and (f) € Ea^^^ ■ Then there exists tp £ £^ such 
that 

V{(l)) ^„ U{a®C[t]).v^ , 7r(í/') = 
and the map vr : £^ — > £a^^^ is surjective. 

Proof. Let A = YIií^i'^í^í ^"^^ ^(-^) ~ SjeJ^'jT?- Suppose we have a decomposition of 
\ = ^1 + . . . + /ifc, with G . Then (a, A) is global admissible if and only if (a, ^t) is global 
admissible for all ¿ G {1, . . . , /c}. 

Since (a, A) is global admissible we can find for all j € J, such that rij ^ O, a, ij I with 
7r(a;¿^.) = Tj. Then ij / iji if j / j'. 

This implies that if tt{X) = i'i + . . . + Uk a decomposition into dominant weights for a, then 
there exists ¡ii, . . . such that 

\ = + . . . + and vr(/i£) = U£ for all 1 < £ < fc. (2-1) 

Let (/) G £a^^^ ■ We have to show that there exists £ £^ such that '/r('0) = cj). We can write 
= Eaesupp(0) '^'í' where 

(f){a) \íh = a 
O else 
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It is clearly enough to find preimages for all cpa- By (12. II) . for all a £ supp((/') there exists 

A = and 7r(//'^) = (/.(a). 



a6supp((/>) 

We define now ipa G S-^" by 



/i" if 5 = a 
O else 



Then 



We set 



^^{^pa) = 4>a and ^ wt(V'a) = A. 

agsupp((/)) 

^ := ^ 

aGsupp((/)) 

Then we have 

íp GS^ and Tr{ij) = (j). 

But then with Lemma[2] 

V{(l)) =a®C[í] f/(o®C[í]).7;^ 
and the proposition follows. □ 

Clearly, if (o, A) is not global admissible, then the map vr : ¿^'^ — > £a^^^ is not surjetive. 

3. Global and local Weyl modules 
In this section we recall the definitons and some facts on global and local Weyl modules. 

3.1. Following jCPOlj we define 

Definition. Let A € P'^, then the g(8'C[í]-module VF^j^a) generated through a non-zero vector 
wx subject to the relations 

n+ (g) C[t].wx = O , (h(E> l).wx = O , (x" ® l)^'-'''^^+\wx = O 
for all /i € and a € i?'*', is called the global Weyl module of weight A. 

We shall make a couple of remarks here 
Remark. We shall make a couple of remarks here 

(1) In the definition, C[í] can be replaced by a commutative, associative unital algebra over 
C. One may see for example ¡CFKlOj . ¡FL04¡ to get an insight about the difficulties 
and differences to the classical situation that one faces here. 

(2) Gobal Weyl modules can be also defined for twisted loop algebras ( ¡FMSbj ) or more 
general for equivariant map algebras. ( ¡FMSaj ) 

(3) By construction, W^{X) is an integrable g-module but infinite dimensional, even the 
multiplicity of every simple g-module appearing in a decomposition is infinite. 

(4) W^{X) is projective in the category of integrable g(8)C[í] -modules with weights bounded 
above by A (see ¡CFKlOp . 
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(5) Ty^(A) plays an important role in the context of q-Toda integrable systems, namely 
their characters give so-called q-Whittaker functions (see [BF] ). 

We denote 

:= Uil) <S) C[í])/Ann^, ([/([] C[t])). 

Then is a commutative, associative, unital algebra and we can say even more ( [CPOlj . 
resp ¡CFKlOj for the second part): 

Theorem 3. If A = ^¿gjmju;¿, then 

where S'"'(C[í]) denotes the mi-th symmetric algebra of C[í]. Further 
where 

J= Pl Ann^(^^c[t])K)- 

For more on this algebra, the interested reader may also see ¡CFKlOj . ¡CL12] . 
W^{\) admits the structure of a (g, A^)-bimodule, where the right action is given by 

uwx.h Cg) a := u{h (g) a)wX 

for u G U{q (g) C[t]),h (g) a € a (g) C[í]. 

With this we have the following theorem which foUows from results due to ¡CPOl] for g = SI2, 
¡CL06j for g = s[„+i, ¡FL06j for g of simply-laced type and ¡Naol2j for classical g. 

Theorem 4. Let A G P~^, then T^s(_\) g, free right A^-module of finite rank. 

3.2. The global Weyl module M^^(A) induces a functor from the category of A^^-modules 
to the category of integrable g (g C[í]-modules with weights bounded above by A: 

M ^ 1^9(A) ^j^s^M ■ / ^ 1 (g) / 

Since A^ is a polynomial ring in finitely many variables, so especially finite generated, any 
one-dimensional A^-module is isomorphic to A^/m for a uniquely determind maximal ideal 
of A^. Maximal ideáis of A^ are parametrized by £^ (see ¡CFKlOj for details), so to any 
maximal ideal m of A^ there exists a finitely supported function -0 of weight A. 

Definition. Let A G P"*" and ^ denote m be the corresponding maximal ideal of A^. 
The g (g) C[í]-module 

W^iX) AVm 
is called the local Weyl module associated to ip and denoted W^^ip). 
Remark. We shall make a couple of remarks here: 
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(1) The definition of local Weyl modules is due to ¡CPOl] , They were defined in analogue 
to modular representation theory. Here the category of finite-dimensional modules is 
not semi-simple, so one may ask for the maximal object having a certain unique simple 
quotient. 

(2) In ¡CFKlOj this construction was generalized to arbitrary commutative algebras A 
instead of C[í]. Then the tensoring with a A^-module is called the Weyl functor. 

(3) Local Weyl modules were studied also for the twisted loop algebra in ¡CFS08¡ . for the 
twisted current algebra in ¡FK¡ . for equivariant map algebras (under some restrictions) 
in ¡FKKS12¡ . 

We have an immediate coroUary: 
CoroUary. Let ip £ £, then 

Then Theorem S] implies: 

Theorem 5. The dimensión and g-character of a local Weyl module does not depend on the 
chosen maximal ideal. Let A G P"^ and V'i)V'2 ^ ¿^"^i then 

Historically the theorem on local Weyl modules was proven first. In fact, Theorem [5] and 
Theorem m are equivalent (for details on this, we refer to the appendix in ¡FMSaj ). 

Further, due to [CPOl], generalized in [FLÜT] . ¡CFKIÜ]: 

Theorem 6. Let Ai, A2 G P^, ip-i G S'^^. Suppose suppV'i H supp?/'2 = 0, then 

It remains to compute the g-character and the vector space dimensión of a local Weyl module 
W^{ip). With Theorem [6] it is clearly enough to compute the local Weyl modules for ■0 
supported in a single point only. Using Theorem [5l we may assume that this point is O and 
A = a;¿, a fundamental weight for q. So we have to compute the graded fundamental local 
Weyl modules. Denote for ¿ G / 

íIjí : C — > P'^ ; O ^ üOi ; a iH> O for a / O 

The following list of the q decomposition of W^{ipi) is due to ¡ChaOlj (see also ¡FL06j ): 

Theorem 7. Let g be a simple Lie algebra of type Xn and i € I, then in the various cases we 
have the following decomposition of the fundamental graded local Weyl module W^{'tpi) as a 
0-module 

(1) Type An. 

(2) Type 

W^{iPi) Vioji) e V{u}i^2) e . . . e V{üj,) for ¿ < n 
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(3) Type Cn- 

(4) Type Dn 

W^{iPi) V{uJi) e V{uJi-2) e . . . e V{uj,) for ¿ < n - l 
P^9(V'i) y(a;¿) for i = ?i - 1, n 



where Uf 



uji if 2 is odd 
O if ¿ is even 



3.3. We will recall the definition of fusión products and the construction of local Weyl 
modules supported in a single point only. 

The following construction is due to ¡FL99j . We denote for r > O 

= {ueU{Q® C[t]) I deg(n) < r} 

where the degree of a monomial is the sum of the degree of t in its factors. Then = C and 
jri = f/^g)_ We set T-^ = 0. 

Let be a cyclic g(8)C[í] -module generated by a fixed vector w. We have an induced filtration 
on W: 

w ■.= r'.w 

Then the associated graded module is 

r>0 

Recall that, since U{q).T'' = T"^ for r > 1, the graded components are í7(0)-modules. 

Let Ai,...,Afc G P+, V¿ e Let Wi a generator of the one-dimensional weight space 

Ty0(^¿)Ar Then 

is cyclic generated hy w\® . . .®Wk,'ú 

supp('i/'j) n supp('í/'j) = for all i ^ j. 
The corresponding associated graded module is called the fusión product ( ¡FL99] ) and denoted 

W^{ijji)* ...*W^{il:k). 
The following corollary follows immediately from Theorem[5j 
CoroUary. Let ip G ¿"^i+'-'+^fc be defined by Tp{0) = Ai + . . . + Afc, then 

W^ii^i) * ... * W^{^Pk) =s®c[i] W^i^P) 

Let ^pc £ ¿-'^ be supported in a single point only, say supp(^) = {c}. Then M/^0(í/'c) can be 
constructed from W^{ipo) by using the automorphism ac oí Q0 C[t] induced by 

X (g) í IH^ X (g) (í - c). (3.1) 

Then W^{'ipa) is nothing but the pullback of W^{ipo) via ac- 
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We this, we can construct a given local Weyl module W^{ip) as the tensor product of pullbacks 
of fusión products of fundamental local Weyl modules. 

4. Local Weyl modules and subalgebras 

In this section we will prove Theorem[T]^i): 

Theorem 8. Let A € and suppose (a, A) is local admissible. Then for any ip € 6''^, we 
have 

í^"(vr(V)) =a^cit] U{a®C[t]).w^, ^ W'{^l^) 
where is a generator of W^{ip)x. 

In order to prove the theorem we will need the following. First we prove the theorem for 
fundamental weights: 

Lemma. Let k ^ I such that (o, w^) is local admissible and let tp G E'^'^ , w a generator of 
W^{ip)^^. Then 

íy°(7r(V')) = U{a ® C[t]).w C W^{ip) 

Proof. With (I3.ip it is cleraly enough to prove the lemma for ip supported in O only. 

Since U {a® C[t]).w is a cyclic a0 C[í]-module it is by weight reasons a quotient of W°{Tr{ip)): 

H^"(vrW) -a®c[i] Uia0C[t]).w. 

We also have 

U{a^C[t]).w^,^c[t]V{7T{i^)) (4.1) 

since V{tt{iI:)) is simple. 

Suppose g is of type An, then TT{uJk) = Tp for some p £ J, henee a fundamental weight for a. 
This implies with Theorem [7] 

which implies the lemma in this case. 

Suppose g is of type Bn- We will check the various cases (see Proposition 11.21 for notations): 

(1) If a is of type Bg and e¿ + ej the unique simple short root in Hq. We will show that 
[/(a® C[í]).i/; has the same classical decomposition as VF"(7r(i/;)) (see Theorem[7|). So 
let € /, then 

(a) if z < A: < n — 1, then '7r(a;fc) = 2ts. This is not local admissible (the submodule is 
a Demazure- module, see ¡FL06j ). 

(b) if A; = n, then 7r(a;„) = lOs- In this case W°{^^{^p)) is simple as a o-module and the 
claim follows from (|4.ip . 

(c) if fc < i, say is-e < k < is-e+i + 1, then 7r{oJk) = Te- We have to show that 
C/(a(g) C[í]).ií; decomposes into 

VÍTi)®VÍTi.2)®...®VÍT,). (4.2) 
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V{t¿) is generated as a a-module through w. Then t¿ — T1-2 = ¿is-t+i + ^is^e- 
have (since w G W^{ip)), by Theorem[71 

For weight reason this has to be a highest weight vector with respect to the a- 
action. So V{t¿-2) is a direct summand of U{a® C[t\).w. Iterating this gives the 
predicted decomposition (¡4.2p . 

(2) If a is of type Dg and e¿ ib ej correspond to the spin nodes. Then we have 

(a) 'ú i <k < j, then ■K{uJk) = Tg-i + r^, so by Theorem [6] and Theorem[7l we have to 
show that 

U{a (S> C[t]).w V{ts) F(r,_i) ^ F(r, + r,_i) y(r,_3) © V{ts-5) © • • • (4.3) 

+ Ts-1 - Ts-3 = Ps~2 + í^s-i + f^s = e¿i + e¿- Then we have (since w G 
by Theorem [71 

Again by weight reasons, this has to be a o highest weight vector, again iterating 
this gives the decomposition (|4.3p . 

(b) ií j < k < n, then TT{u}k) = 20;^, so by Theorem [6] and Theorem [71 we have to 
show that 

U{a C[t]).w ^„ y(r,) V{t,) ^ V{2t,) © y(T,_2) © F(r,_4) © . . . (4.4) 
2ts — Ts-2 = = + Cj- Then we have (since w £ W^{ip)), by Theorem [71 

(x-+,, ©í).u; / O 

Again by weight reasons, this has to be a a highest weight vector, again iterating 
this gives the decomposition (¡4.4p . 

(c) ií k = n, then Tr{ujn) = w^. In this case W'^{Tr{ip)) is simple as a a-module and the 
claim follows from (|4.ip . 

(d) if A; < i, then 7r(a;fc) = for some ^ < s — 2, so by Theorem [71 we have to show 
that 

U{a © C[t]).w ^„ V{Te) © ^(rí^a) © V{Te-i) © . . . (4.5) 

The same argument as above gives for — Tk-2 = ^is-k + ^«s-fc+i predicted 
decomposition (14. 5p . 

(3) If a is of type Ag and ej -|- ej G lia. Then we have 

(a) if A; = ?i or min{¿£, < k < maxji^, then 7r(a;fc) = Tp for some p. In 
this case VF"(7r(^)) is simple as a a-module and the claim follows from (14. ip . 

(b) if max{¿£,j>} < k < n, then n^cok) = Tp + Tq for some p < q. So by Theorem [6l 
and Theorem [71 we have to show that 

U{a © C[í]).w; ^„ V{Tp) © F(rg) ^ F(rp + Tg) © V(Tp„i + r^+i) © . . . (4.6) 

+ - (Tp_i + Tg+i) = /3p + . . . + /3q = eip + Cj^ for certain ip, jg. Then we have, 
since w G Ty0(^), 

{x~ ©í).u; / 0. 

Again by weight reasons, this has to be a a highest weight vector, again iterating 
this gives the decomposition (|4.6p . 
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(4) Finally if a is of type As and e¿ + ej ^ IIq for all i < j. Then 7r(üjfc) = Tp for some p. 
In this case VF°(7r(^)) is simple as a a-module and the claim follows from (I4.ip . 

For Q oí type D„ the proof is similar to the i?„-case. 

Suppose g is of type C„. We will check the various cases (see Proposition 11.21 for notations): 

(1) If o is of type Cs, then 7r(wfc) = Tp for some p & J. In this case W'^{tt{iP)) is simple as 
a a-module and the claim follows from (¡4.ip 

(2) If a is of type Ag and + ej G Ha, then 

(a) if max{Í£, < k < n then 7r(t<;fc) = Tp + Tq for some p < q. In this case 
(a, w/c) is not local admissible. 

(b) if mm{Í£, js-e~-i} < k < max{Í£, jg-i^i}, then 7r{oJk) = Tp for some p £ J. In this 
case W°{^^{^lJ)) is simple as a a-module and the claim follows from (¡4.ip . 

(3) if a is of type Ag and e¿ + ej ^ Iln for all i < j, then 7r(íjjt) = Tp for some p £ J. In this 
case l^°(7r('i/')) is simple as a a-module and the claim follows from (¡4.ip . 

□ 

We see by this classification, that if (a, A) is not local admissible, then the restriction of a 
fundamental local Weyl module is not Weyl module for a ¡8) C[í]. This implies the only if 
statement of Theorem [T]^i) . 

For given G P+ and c G C[í], we denote Hc G £^ the function defined by 



For a given £ £'^,\ £ , we can write 



/i if 6 = c 
O else 



aesupp(-0) 



Then we have 



Proposition. Let X G andip G Denote wx a generator ofW^{Xo) anáfora G supp(í/'), 
denote Wa a generator of W^{Tp{a)a)- Then 



á\m.U{a®C[t]).wx = diTLí U{a® C[t]).Wa- 

aesupp(?/)) 

Proof. We know by Corollary l3.3l that T^s(Ao) is isomorphic to the fusión product of W^{'i¡:{a)a)- 
That is the associated graded module of 



W^{iP{a)a). 

aesupp(í/)) 

We denote the components of the filtration again by W^'. We denote further 

={U{a®C[t]). ®a6supp(^) U'^(a)) n^"- 

This implies that 

U{a®C[t]).wx = ^Q''/Q'-\ 

r>0 
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The claim follows now from the fact 

U{a(g)C[t]).®aGsnpp{4>)'Wi,{a) = ® U {ü (g) C[t]) .W^^a) ■ 

aGsupp(')/') 

□ 

Proof. (of Theorem [8]) 

It is clear that it suffices to prove the theorem for -0 located in a single point only and we 
may assume that this point is 0. So let A G P~^ and wx G W^{Xo)x- Let & £^ such that 
■0(a) = u}j^ for some ja G / for all a G supp(^). Then Proposition [5] implies that 

dimU{a(gC[t]).wx= d\mU{a (g) C[t]).Wa. 

aGsupp(-í/)) 

To understand the left hand side is is now enough to understand each factor of the right hand 
side. So we pick an arbitrary factor of the right hand side and may again assume that a = 0. 
So we have to understand 

dimf/(a(g) C[í]).u; 

where w is a generator of W^{{ují)o) for some i ^ I. Lemma H] implies that if (a, Wj) is local 
admissible then 

dimC/(a C[t]).w = dim VF°(7r(wi)o). (4.7) 

So if (a, w¿) is local admissible for all ¿ G / such that m¿, ^ O, then 

dim U{a C[t]).wx = JJ W''{tt{ují)o)"'^ 
iei 

But this implies with Theorem [5] and Theorem [6] that 

Uia®C[t]).wx = W°Í7r{X)o). 

The theorem follows from the simple observation that if (a, A) is local admissible then (o, cjj) 
is local admissible for all ¿ G / such that rrii ^ O (where A = X]¿g/ f^i^i)- 

5. Global Weyl modules and subalgebras 
In this section we will prove Theorem [T]^ii). 
Proposition. Let A G P^ , then the assigment w^(^x) ^ "^x induces a map of a^Cltj-modules 

W%tt{\)) W^{X). 

Theorem [U^ii) states that this induced map is injective. 

Proof. We have to check that the defining relations of W°{tt{X)) (see Definition l3.ip are satisfied 
by Wx- But this is obviously since the o weight of wx is vr(A). □ 

We have an induced map 

Kix)^K (5-1) 

which should be studied in more detall: 
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Proposition. // (a, A) is global admissible, then the induced map 



is injective. 



As for Proposition m it is clear that the map is not injeective if (a, A) is not global admissible. 
This gives the only if statement of Theorem djii) . 

Proof. By Theorem [3] we have to show 

n Annt;(t,^^c[í]) = n ^'^^U{mc[t])'"^\ nC/(f)„8)C[í]) 

The left hand side is clearly contained in the right hand side by (15. ip . Let u G C/(t)a dS) C[í]) 
such that 

ui 1^ Annc7(,^^c[í]) V4,. 

Then there exists (/> € E'^^^'> such that u.v^ / O in V{(l)). Since (o, A) is global admissible, by 
Proposition [2] there exists ip ^ £^ such that 

7t{íj) = 4> and V{(t>) ^„55C[í] Uia C[t]).v^ 

This implies that u.v^ 7^ O in V{ip) and henee 

f] Ann^cgc[í] 

which proves the proposition. □ 

Theorem 9. Let A G P"*" such that (a, A) is global admissible. Let wx be a highest weight 
generator of ^^(A), then 

U{a(^C[t]).wx = W%7r{X)) 



Proof. By weight reasons, the left hand side is clearly a quotient of the right hand side. We 
will show first that U{a(í^C[t]).wx is a right A°j.-^^-module. Since VF3(A) is a right A^-module, 
with (¡5.ip we obtain an action of -^°(^x) W^{X). But clearly U{a<Si C[t]).wx is stable under 
this action, since it is stable under U{i)a (8) C[í]). 

We will show that U{a ¡8) C[í]).ií;a is a free A^^^^-module of the same rank as the free A^^_^^- 
module-module l^"(7r(A)) (see TheoremS]). For this we use the same idea as in ¡CPOlj . written 
in full detall in ¡FMSaj . That is the following: Let m G maxA"^^^ be a maximal ideal, we 
show that the dimensión of 

U{a ® C[t]).wx ®A»,,, A^(;,)/m (5.2) 



is independent of the maximal ideal and equals to dimVF"((/)) for all (j) £ which is the 

rank of W{7r{X)). 
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Let m € maxA"^^^, then m corresponds to a finitely supported function (/) € £a (see 
Section [3]) . Then we have 

W^cP) ^ U{a ^ C[t]).wx ®Ai^^^ Kix)/^- (5-3) 

On the other hand, since (a, A) is global admissible, there exists il^ € S'^, such tliat 7r(í/;) = cf). 
This implies 

U{a®C[t]).wx «)A«(,) K{X)/^ -a®c[i] U{a^C[t]).w^ 
wliere is a generator of the g (8> C[í]-module W^{ip)x. With Theorem [8] we know 

So the dimensión of (I5.2p is equals to the dimensión of W°{ip), henee the map in (15. 3p is 
an isomorphism. This also implies that the dimensión of (15. 2p is independent of the chosen 
maximal ideal. Using the argumentation in the appendix of ¡FMSaj we can summarize: [/(a® 
C[t]).w\ is a free -^°(^x) ™odule of the same rank as the global Weyl module W'^{7t{X)). Henee 
the canonical map 

Ty"(7r(A)) ^ U{a(^C[t]).wx 
is an isomorphism and the theorem is proven. □ 
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